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Figure 1.7 
 
 7 
 
Hardening 
 
’
 
8 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 1.8 
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Figure 1.9 
 
Figure 1.10 
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Figure 1.11 
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1.2 Fields Theory  
’
𝜹  [A/m2 ] 
 [Vs/m2 ] 
 [As/m2 ] 
’
𝛁×E̅ = − 
∂?̅?
∂t
        (𝐹𝑎𝑟𝑎𝑑𝑎𝑦′𝑠  𝑙𝑎𝑤)                                         (1.1) 
 
𝛁×H̅ = 𝐽 ̅ +
∂?̅?
∂t
       (𝐴𝑚𝑝𝑒𝑟𝑒′𝑠  𝑙𝑎𝑤)                                          (1.2) 
 
𝛁 ⋅ ?̅? = 0       (𝐺𝑎𝑢𝑠𝑠′𝑠  𝑙𝑎𝑤)                                              (1.3) 
 
𝛁 ⋅ ?̅? = 𝛿       (𝐺𝑎𝑢𝑠𝑠′𝑠 𝑙𝑎𝑤)                                               (1.4) 
 
 
𝛁 ⋅ 𝐽 ̅ = −
∂𝛿 
∂t
                                                                     (1.5) 
?̅? = 𝜇H̅                                                                          (1.6)
?̅? =  𝜀?̅?                                                                          (1.7)
𝐽 ̅ = 𝜎E̅                                                                           (1.8)
𝜇 = 𝜇0𝜇𝑟 
𝜇0
12 
 
𝜇0 = 4𝜋 ∗ 10
−7  [
𝐻
𝑚
]                                                             (1.9)
𝜎
[Ω/𝑚] 𝜀 =  𝜀0𝜀
𝜀0
𝜀0 = 8.85 ∗ 10
−12  [
𝐹
𝑚
]                                                     (1.10)
’
’
Σ  𝜕Σ
’
∫ 𝛁×E̅ 𝑑𝑆
Σ
= ∮ E̅  ⋅ 𝑑𝒍 = −
𝜕
𝜕𝑡
∫ ?̅?  ⋅ 𝒏
Σ𝜕Σ
 𝑑𝑆
Figure 1.12  𝛀  𝚺 𝝏𝚺 
 13 
 
Φ [𝑇 𝑚2] 
Σ
𝑓. 𝑒.𝑚. =  −
𝜕Φ
𝜕𝑡
                                                              (1.11)
’
∮ H̅ ⋅ 𝑑𝒍
𝜕Σ
= ∫ J̅  ⋅ 𝒏 𝑑𝑆
Σ
+
𝜕
𝜕𝑡
∫ D̅  ⋅ 𝒏 𝑑𝑆
Σ
                                    (1.12)
’
?̅?
 𝜕Ω Ω
∫ 𝛁 ⋅ ?̅? 𝑑𝑉
Ω
= ∫ B̅ ⋅ 𝒏 𝑑𝑆 = 0
𝜕Ω
                                             (1.13)
’
∫ J ̅ 𝑑𝑆 = −
𝜕
𝜕𝑡
∫ 𝛿 𝑑𝑉                                                   (1.14)
Ω𝜕Ω
 
Boundary conditions 
’
𝑈 = 𝑈0 ( 𝑥, 𝑦, 𝑧)                                                             (1.15)
14 
 
𝜕𝑈
𝜕𝑛
= ∇𝐔 ⋅ 𝒏 = 𝑓(𝑥, 𝑦, 𝑧)                                                  (1.16) 
n f(x,y,z)
∇𝐕 ⋅ 𝒏 = 0 ∇𝐕
Interface conditions 
Φ𝑡𝑜𝑡 = Φtop +Φbottom +Φside                                                 (1.17)
 15 
 
∮ ?̅?𝑑𝑆 = ?̅?1 ?̅?1 𝑆1 + ?̅?2 ?̅?2 𝑆2
Σ
= 0                                            (1.18)
?̅?1 ?̅?1 = ?̅?2 ?̅?2                                                           (1.19)
∮ ?̅?𝑑𝑆 = ?̅?1 ?̅?1 𝑆1 + ?̅?2 ?̅?2 𝑆2
Σ
= 0                                            (1.20)
?̅?1 ?̅?1 = 𝐷2 ?̅?2                                                                  (1.21)
 𝛿 = 0
?̅?1 ?̅?1𝑆1 + ?̅?2 ?̅?2𝑆2 = 𝛿𝑆 = 𝑄𝑠                                                     (1.21)
Figure 1.13 𝝏𝛀
 
16 
 
 Σ
 Σ
?̅?1 𝑡1̅ = ?̅?2 𝑡2̅ +∫ ?̅?
Σ
 ⋅ 𝒏 𝑑𝑆                                                   (1.22)
∫ 𝛁×?̅? 𝑑𝑆
 Σ
= ∮ ?̅?
  𝜕Σ=l
⋅ 𝑑𝒍 = −
𝜕Φ
𝜕𝑡
                                                (1.23)
?̅?1 𝑡1̅ = ?̅?2 𝑡2̅ −
𝜕Φ
𝜕𝑡
                                                        (1.24)
Figure 1.14 𝝏𝛀
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1.3 Magneto Quasi static formulation 
’
~105
𝛁×H̅ = 𝐽 ̅ +
∂?̅?
∂t
=  σel?̅? + jωε0?̅?                                                (1.25) 
~105[𝑆/𝑚]
|
𝜕?̅?
𝜕𝑡
| = 𝜀𝜔𝐸𝑐𝑜𝑠(𝜔𝑡) ≪ 𝜇𝜔𝐻𝑐𝑜𝑠(𝜔𝑡) = |
𝜕?̅?
𝜕𝑡
|                                          (1.26)
{
 
 
 
 
𝛁×H̅ = 𝐽 ̅
𝛁×E̅ = − 
∂?̅?
∂t
𝛁 ⋅ ?̅? = 0
𝛁 ⋅ ?̅? = 𝛿
                                                              (1.27)
𝛁×A̅ = ?̅?                                                                    (1.28)
A̅ = A̅′ + ∇Λ                                                                  (1.29)
Λ
18 
 
E̅ = − 𝛁V̅                                                                (1.30)
?̅? = −𝛁V̅ − 
∂?̅?
∂t
                                                      (1.31)
𝛁×H̅ = 𝐽 ̅ = 𝜎?̅?                                                              (1.32)
𝛁×
1
𝜇
𝛁×A̅ = 𝜎 (− 
∂?̅?
∂t
− 𝛁V̅)                                               (1.32)
{
 
 
 
 𝛁×ν𝛁×A̅ + 𝜎
∂?̅?
∂t
+ 𝜎𝛁V̅ = 0
𝛁 ⋅ 𝜎(−𝛁V̅ −
∂?̅?
∂t
) = 0
                                       (1.33)
ν,
 19 
 
?̅? = [𝐻𝑟 , 𝐻𝜑 , 𝐻𝑧] = [𝐻𝑟 , 0, 𝐻𝑧] 
𝐽 ̅ = [𝐽𝑟 , 𝐽𝜑 , 𝐽𝑧] = [0, 𝐽𝜑 , 0]
                                                 (1.34)
𝛁×?̅? = 𝑑𝑒𝑡 ||
?̅? 𝑧̅ ?̅?
𝜕
𝜕𝑟
𝜕
𝜕𝑧
𝜕
𝜕𝜑
𝑊𝑟 𝑊𝑧 𝑊𝜑
|| = (
1
𝑟
𝜕𝑊𝑧
𝜕𝜑
−
𝜕𝑊𝜑
𝜕𝑧
,
1
𝑟
𝜕𝑟𝑊𝜑
𝜕𝑟
−
𝜕𝑊𝑟
𝜕𝜑
,
𝜕𝑊𝜑
𝜕𝑧
−
𝜕𝑊𝑧
𝜕𝑟
)
𝛁 ⋅ ?̅? =
1
𝑟
𝜕𝑟𝑊𝑟
𝜕𝑟
+
1
𝑟
𝜕𝑊𝜑
𝜕𝜑
+
𝜕𝑊𝑧
𝜕𝑧
𝛁?̅? =
𝜕𝑊
𝜕𝑟
𝒖𝒓 +
1
𝑟
𝜕𝑊
𝜕𝜑
𝒖𝜑 +
𝜕𝑊
𝜕𝑧
𝒖𝒛
Figure 1.15 
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𝜑
𝛁×?̅? = (−
𝜕𝐴𝜑
𝜕𝑧
, 0,
1
𝑟
𝜕𝑟𝐴𝜑
𝜕𝑟
)                                            (1.35)
𝛁×𝜈𝛁×?̅? = ( 0,
𝜕
𝜕𝑧
(−𝜈
𝜕𝐴𝜑
𝜕𝑧
) −
𝜕
𝜕𝑧
(𝜈
1
𝑟
𝜕𝑟𝐴𝜑
𝜕𝑟
) , 0) = (0, 𝐽𝜑 , 0)                    (1.36)
𝝂′ =
𝝂
𝒓
 𝑎𝑛𝑑 𝐫𝐀 = 𝚽
𝜕
𝜕𝑧
𝝂′
𝜕Φ
𝜕𝑧
+
𝜕
𝜕𝑟
𝝂′
𝜕Φ
𝜕𝑟
=  −𝐽𝜑                                                  (1.37)
𝛁a ⋅ 𝜈
′ 𝛁𝐚Φ = −𝐽𝜑                                                           (1.38)
1.4 Fourier’s Equation 
𝑇 =  𝑇(𝑥, 𝑦, 𝑧, 𝑡).                       
’
’
𝒑 =  −λ
∂T
∂n
= −λ 𝛁T                                                          (1.39)
λ
𝒑 = −λ
∂T
∂x
𝒖𝒙 − λ
∂T
∂y
𝒖𝒚 − λ
∂T
∂z
𝒖𝒛                                         (1.40)
 21 
 
𝑑𝑃𝑠 =∑𝑑𝑃𝑖
𝑖𝜖𝑁
= ∑𝑃𝑖𝑑𝐴𝑖 = −𝛁 ⋅ 𝒑𝑑𝑉  
𝑖
𝑑𝑃𝑤 = 𝑤(𝑃, 𝑡)𝑑𝑉 
𝑑𝑃𝑐 = 𝑐𝛾
𝜕𝑇
𝜕𝑡
𝑑𝑉
𝜸
’
𝑐𝛾
𝜕𝑇
𝜕𝑡
= −∇ ⋅  𝜆∇ T + 𝑤(𝑃, 𝑡)                                            (1.41)
’
𝑐𝛾
𝜕𝑇
𝜕𝑡
=
1
𝑟
𝜕
𝜕𝑟
(r𝜆
𝜕𝑇
𝜕𝑡
) +
1
r
𝜕
𝜕φ
(
1
r
𝜆
𝜕𝑇
𝜕φ
) +
𝜕
𝜕z
(𝜆
𝜕𝑇
𝜕z
) + w(r, φ, z, t)                (1.42)
Figure 1.16  
22 
 
𝒌 =  
𝝀
𝒄𝜸
𝜕𝑇
𝜕𝑡
=
𝜆
𝑐𝛾
[
𝜕2𝑇 
𝜕𝑟2
+
1
𝑟
𝜕𝑇
𝜕𝑟
+
1
𝑟2
𝜕2𝑇 
𝜕𝜑2
+
𝜕2𝑇 
𝜕𝑧2
] +
w
𝑐𝛾
(r, φ, z, t)                       (1.43)
’
𝑃𝑐𝑜𝑛𝑣 =  𝜆∇𝑇 =  𝛼(𝑇 − 𝑇𝑒𝑥𝑡)                                               (1.44)
𝑃𝑟𝑎𝑑 = 
5,67 ∗ 10−8
1
𝜀 +
𝑆
𝑆𝑎
(
1
𝜀𝑎
− 1)
(𝑇4 − 𝑇𝑒𝑥𝑡
4 )                                      (1.45)
𝜀 𝜀𝑎
’s
𝑃𝑟𝑎𝑑 =  𝜎𝜀(𝑇
4 − 𝑇𝑒𝑥𝑡
4 )                                                  (1.46)
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Chapter 2 
Finite Elements Method 
2.1 Structure of a FEM 
 
• 
• 
• 
24 
 
 
 
 
 
 
𝑁𝑖
𝑗 = 𝑁𝑖(𝑥 ∈ 𝑒𝑗) 
𝑁𝑖
𝑗
Figure 2.1  
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𝑁𝑖 =∑𝑁𝑖
𝑗 =
{
 
 ∑ 𝑁𝑖
𝑗   
𝑛Ω𝑖
𝑗=1
𝑥 ∈ Ω𝑖
0                𝑥 ∈ (
Ω
Ω𝑖 
) 
𝑛𝑒
𝑗=1
                                          (2.1)
𝑈ℎ = ∑𝑈𝑖 𝑁𝑖 =
𝑛𝑛
𝑖=1 
 ∑𝑈𝑖  ∑ 𝑁𝑖
𝑒
𝑛𝑒
𝑒=1 
                 
𝑛𝑛
𝑖=1 
                           (2.2) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
2.2 Weighted Residual Approach 
 
 
∫ 𝑤 ∗ 𝐿(𝑈)𝑑𝑉 = 0                                                                   (2.3)
Ω
Figure 2.2 
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Ω
𝑈ℎ = ∑𝑈𝑗𝑁𝑗 
𝑛𝑛
𝑗=1
 
𝑤𝑖 = 𝑁𝑖   , 𝑖𝜖[1, 𝑛𝑛]                                                              (2.4)
∫ 𝑁𝑖 ∗ 𝐿(𝑈ℎ)𝑑𝑉 = 0  ∀ 1 = 1,2,… , 𝑛𝑛                                             (2.5)
Ω
𝐿(𝑈ℎ) = 𝐿(𝐴𝜑ℎ) = ∇ ⋅ 𝜈∇∑𝐴𝜑𝑗𝑁𝑗 − 𝜎
𝜕
𝜕𝑡
𝑛𝑛
𝑗=1
∑𝐴𝜑𝑗
𝑛𝑛
𝑗=1
− 𝐽𝑠𝜑 = 0                         (2.6)
∫ 𝑁𝑖 (∇ ⋅ 𝜈∇∑𝐴𝜑𝑗𝑁𝑗 − 𝜎
𝜕
𝜕𝑡
𝑛𝑛
𝑗=1
∑𝐴𝜑𝑗
𝑛𝑛
𝑗=1
− 𝐽𝑠𝜑)𝑑𝑉 = 0                           (2.7)
Ω
∫ 𝑓 ∗ 𝑔′𝑑𝑥 = 𝑓 ∗ 𝑔(𝑏) − 𝑓 ∗ 𝑔(𝑎) − ∫ 𝑔 ∗ 𝑓′𝑑𝑥 
𝑏
𝑎
𝑏
𝑎
𝑔′ = ∇ ⋅ 𝜈∇∑ 𝐴𝜑𝑗𝑁𝑗 − 𝜎
𝜕
𝜕𝑡
𝑛𝑛
𝑗=1 ∑ 𝐴𝜑𝑗
𝑛𝑛
𝑗=1 − 𝐽𝑠𝜑
𝐼 = −∫ 𝑁𝑖(
Ω
 𝜈
𝜕𝐴𝜑ℎ
𝜕𝑡
− 𝐽𝑠𝜑)𝑑𝑉 −∫ ∇𝑁𝑖 ⋅ 𝜈∇𝐴𝜑ℎ
Ω
𝑑𝑉 +∮ 𝑁𝑖  𝜈∇𝐴𝜑ℎ 𝑛 𝑑𝑆 = 0              (2.8)
𝜕Ω
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−∫ ∇𝑁𝑖 ⋅ 𝜈∇𝐴𝜑ℎ
Ω
𝑑𝑉 +∮ 𝑁𝑖  𝜈∇𝐴𝜑ℎ 𝑛 𝑑𝑆 = ∫ 𝑁𝑖
Ω
𝜈
𝜕𝐴𝜑ℎ
𝜕𝑡
−  ∫ 𝑁𝑖
Ω
 𝐽𝑠𝜑 𝑑𝑉           (2.9)
𝜕Ω
∫ ∇𝑁𝑖 ⋅ 𝜈∇𝐴𝜑ℎ
Ω
𝑑𝑉 = ∫ ∇𝑁𝑖 ⋅ 𝜈∇(∑𝐴𝜑𝑗𝑁𝑗
𝑛𝑛
𝑗=1
)
Ω
 𝑑𝑉 =∑(∫ ∇𝑁𝑖 ⋅ 𝜈∇𝑁𝑗
Ω
𝑑𝑉)
𝑛𝑛
𝑗=1
𝐴𝜑𝑗 =∑𝑘𝑖𝑗𝐴𝜑𝑗    
𝑛𝑛
𝑗=1
(2.10)
𝑘𝑖𝑗 = ∫ ∇𝑁𝑖 ⋅ 𝜈∇𝑁𝑗
Ω
𝑑𝑉 =∑∫ ∇𝑁𝑖 ⋅ 𝜈∇𝑁𝑗
∆e
𝑑𝑉
𝑛𝑒
𝑒=1
                                (2.11)
∆e 
∮ 𝑁𝑖  𝜈∇𝐴𝜑ℎ 𝑛 𝑑𝑆
𝜕Ω
                                                                  (2.12)
∫ 𝑁𝑖
1
𝐵
𝐴
 𝜈1
𝜕𝐴𝜑ℎ
1
𝜕𝑛1
𝑑𝑃 +∫ 𝑁𝑖
2 𝜈2
𝜕𝐴𝜑ℎ
2
𝜕𝑛2
𝑑𝑃
𝐵
𝐴
                                             (2.13)
𝐴𝐵⃗⃗⃗⃗  ⃗
’
−𝛁 ∙ λ𝛁T + ρCp
∂T
∂t
= q                                                       (2.14)
𝜌𝐶𝑝
28 
 
𝑘𝑖𝑗 = ∫ 𝛌𝛁𝑁𝑖 ⋅ 𝛁𝑁𝑗𝑑𝑉 Ω
𝑏𝑖 = ∫ 𝑁𝑖𝑝𝑑𝑉Ω
                                                  (2.15)
’
∫ 𝑁𝑖  ρCp
∂T
∂tΩ
𝑑𝑉 = ∫ 𝑁𝑖  ρCp
∂∑ NjTj
nn
j=1
∂tΩ
𝑑𝑉 =∑ (∫ 𝑁𝑖Nj ρCp
Ω
𝑑𝑉)
nn
j=1
∂Tj
∂t
          (2.16)
𝑀𝑖𝑗 = ∫ 𝑁𝑖Nj ρCp
Ω
𝑑𝑉
[𝐾] ∗ [𝑇] + [𝐵] ∗ [𝑇] + [𝑀] 
𝜕
𝜕𝑡
[𝑇] = [𝑀𝑠] ∗ [𝑞] + [𝐵] ∗ [𝑇
0]                        (2.17)
([𝑀] + ∆𝑡𝜃[𝐾𝑛+1] + [𝐵𝑛+1]) ⋅ [𝑋𝑛+1 ] = ([𝑀] + ∆𝑡(𝜃 − 1)[𝐾𝑛 + 𝐵𝑛]) ⋅ [𝑋𝑛] + ∆𝑡(𝜃[𝑆𝑛+1 + (1 − 𝜃)[𝑆𝑛]) (2.18) 
2.5 Newton-Raphson 
’
 ⟹ ℝ
𝑥𝑛+1 = 𝑥𝑛 −
𝑓(𝑥𝑛) 
𝑓′(𝑥𝑛)
                                                      (2.19)
’
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𝑇𝑘+1 = 𝑇𝑘 + 𝛿𝑇
𝜆(𝑇𝑘+1) = 𝜆(𝑇𝑘) + 𝜆′(𝑇𝑘)𝛿𝑇
−𝛁 ∙ 𝜆(𝑇)𝛁T = 0                                                      (2.20)
−𝛁 ∙ 𝜆(𝑇𝑘+1)𝛁Tk+1 = −𝛁 ∙ (𝜆(𝑇𝑘) + k′(Tk)𝛿𝑇) 𝛁(Tk + 𝛿T)  = 0               (2.21)
−𝛁 ∙ 𝜆(𝑇𝑘)𝛁𝛿𝑇 − 𝛁 ∙ 𝜆′(𝑇𝑘)𝛿𝑇𝛁Tk = 𝛁 ∙ 𝜆(𝑇𝑘)𝛁 Tk                          (2.22)
[𝜆 + 𝑁 + 𝐵] ∗ [ 𝛿𝑇] = −[𝜆] ∗ [𝑇𝑘] − [𝐵] ∗ [𝑇𝑘] + [𝑏]                         (2.23)
|𝑩| = 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛(|𝑯|)
1
𝜇
= 𝜈(|𝐵|) = 𝜈(𝛁×𝐴𝜑)                                                       (2.24)
𝜕𝜈
𝜕𝐵
≈ 
Δ𝜈
Δ𝐵
𝜕𝜈
𝜕𝐴𝜑
= 
𝜕𝜈
𝜕𝐵
∗
𝜕𝐵
𝜕𝐴𝜑
                                                            (2.25)
 
𝜕𝜈
 𝜕𝐵
 
𝜕𝐵
𝜕𝐴𝜑
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Chapter 3 
Material Properties of steel AISI-4340 
Element % 
Carbon  0.38-0.43 
Chromium  0.7-0.9 
Manganese 0.6-0.8 
Molybdenum 1.65-2 
Nickel 1.62-2 
Phosphorus 0.035 max 
Silicon 0.15-0.3 
Sulphur 0.04 max 
Iron  Balance  
3.1 Thermal properties 
Table 3.1  
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Property Unit of measure Symbol 
Thermal 
Conductivity 
[
𝑊
𝑚𝐾
] 
 
𝝀 
Volumetric Heat 
Capacity 
[
𝐽
𝑚3𝐾
] 
 
cp  
 
Density [
𝑘𝑔
𝑚3
] 
 
𝜸 
𝜆(𝑇) = 𝐶 + (𝜆𝑏 − 𝜆𝑎) ∗ (1 − 𝑒
𝑇−𝑇𝑏
𝜏 )                                       (3.1)
𝜆𝑎
𝜆𝑏
𝜏 °
Table 3.2  
 33 
 
𝛾𝐶𝑝(𝑇) = 𝛾𝐶𝑃𝑖 + (𝛾𝐶𝑃0 − 𝛾𝐶𝑃𝑖) ∗ 𝑒
−
𝑇
𝜏 + 𝐸 ∗ 𝐺(𝑇)                             (3.2)
𝐺(𝑇) =  
1
𝜎𝑑𝑒𝑣√2𝜋
∗ 𝑒
−
1
2(
𝑇−𝑇𝑝ℎ
𝜎𝑑𝑒𝑣
)
2
                                            (3.3)
 
Symbol Value Unit 
𝝀𝒂 22 𝑊
𝑚𝐾
 
𝝀𝒃 45 𝑊
𝑚𝐾
 
Tb  770 °C 
𝝉 260 °C 
Figure 3.1  𝝀(𝑻)  
Table 3.3 ’  
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𝛾  𝛾𝐶𝑃𝑖
 𝛾𝐶𝑃0
𝜎𝑑𝑒𝑣 °
°
𝜏 °
Symbol Value Unit 
𝜸 7800 [
𝑘𝑔
𝑚3
] 
𝜸𝑪𝑷𝟎 3*10
6 [
𝐽
𝑚3𝐾
] 
𝜸𝑪𝑷𝒊 6*10
6 [
𝐽
𝑚3𝐾
] 
E 125*107 [
𝐽
𝑚3
] 
𝝈𝒅𝒆𝒗 50 [°C] 
𝝉 300 [°C] 
Tph 870 [°C] 
Figure 3.2  𝜸𝑪𝒑(𝑻)  
Table 3.4 ’
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3.2 Electrical properties 
µ 
Figure 3.3  𝝆(𝑻)
 
36 
 
’
𝑩 =  𝜇(|𝑯|) ∗ 𝑯                                                               (3.4)  
𝜇𝑟
𝜇0
𝑩(𝑯) = 𝜇0𝑯+
2𝐵𝑠
𝜋
arctan (
𝜋(𝜇𝑟0 − 1)|𝑯|
2𝐵𝑠
)                                    (3.5)
𝜇𝑟0
M
(H
) 
[T
] 
Figure 3.4 
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𝑩(𝑯, 𝑻) = 𝜇0𝑯+
2𝐵𝑠
𝜋
arctan (
𝜋(𝜇𝑟0 − 1)|𝑯|
2𝐵𝑠
) ∗ (1 − 𝑒
𝑇−𝑇𝑐
𝐶 )                               (3.6)
Symbol Value Unit 
𝝁𝟎 4π*10
-7 [
𝐻
𝑚
] 
𝑩𝒔 1.8
 [𝑇] 
𝝁𝒓𝟎 600
 [−] 
Tc 780 [°𝐶] 
𝑪 40 [°C] 
Figure 3.5  
Table 3.6 
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Figure 3.7  
Figure 3.6 M
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’
’
𝜹 [m]
’
𝛿 = √
𝜌
𝜋 𝜇0 𝜇𝑟 𝑓 
                                                        (3.7)
𝐼𝑅 = 𝐼0𝑒
−
𝑦
𝛿                                                                     (3.8)
𝜌
𝜇𝑟 𝑓
Figure 3.8 
 
40 
 
3.3 Characterization of the magnetic hysteresis 
υστέρεσις 
Figure 3.9 D
 41 
 
𝑩(𝑡) = 𝝁 ̅𝑯(𝑡)  →  𝑩(𝑡) = 𝜇0𝐻(𝑡) + ?̅?𝑟𝑒𝑙𝑯(𝑡)  →  𝑩(𝑡) =  𝜇0𝑯(𝑡) +𝑴(𝑡)              (3.9) 
 
é
Figure 3.10 é . 
42 
 
°
°
Figure 3.11
. 
Figure 3.12
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𝐵(𝑡) = 𝜇0|𝑯(𝑡)| + (𝑎1 ∗ 𝑡𝑎𝑛ℎ (
|𝑯(𝒕)|
𝑏1
) + 𝑎2 ∗ 𝑡𝑎𝑛ℎ (
|𝑯(𝒕)|
𝑏2
) + 𝑎3 ∗ 𝑡𝑎𝑛ℎ (
|𝑯(𝒕)|
𝑏3
))  (3.10)
Coefficient  Value Unit Coefficient  Value Unit 
𝒂𝟏 0,354
 [𝑇] 𝒃𝟏 1,101𝑒
4  [𝐴/𝑚] 
𝒂𝟐 0,970 [𝑇] 𝒃𝟐 5,405𝑒
2 [𝐴/𝑚] 
𝒂𝟑 0,455
 [𝑇] 𝒃𝟑 3,072𝑒
2 [𝐴/𝑚] 
Figure 3.13
Table 3.6 ’  
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Figure 3.14
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Chapter 4 
Power Equivalent Model 
é é
é
4.1   Definition of the Power Equivalent Model 
  
?̅? H
?̅?(𝐻) =  𝜇′(𝐻) + 𝑗𝜇′′(𝐻)
𝜇′′(𝐻)
 ?̅?(𝐻(𝑡))
 
 
’
 ?̅?(𝑥)
 ?̅?(𝑥) ?̅?(𝐻)
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4.2   Calculation of the losses in the time domain 
 
’
𝜌
𝜕2𝐻(𝑥, 𝑡)
𝜕𝑥2
= 
𝜕𝐵(𝑥, 𝑡)
𝜕𝑡
                                                           (4.2)
 
𝑃(𝑥, 𝑡) =  
𝜕
𝜕𝑥
 [𝐸(𝑥, 𝑡)𝐻(𝑥, 𝑡)]                                             (4.3) 
’ ’
 
𝐸(𝑥, 𝑡) =  𝜌
𝜕𝐻(𝑥, 𝑡)
𝜕𝑥
                                                          (4.4) 
𝜕𝐸(𝑥,𝑡)
𝜕𝑥
= 
𝜕𝐵(𝑥,𝑡)
𝜕𝑡
                                                     (4.5)          
𝑃(𝑥, 𝑡) =  𝜌 (
𝜕𝐻(𝑥, 𝑡)
𝜕𝑥
)
2
+ 𝐻(𝑥, 𝑡)
𝜕𝐵(𝑥, 𝑡)
𝜕𝑡
                                        (4.6)
𝑃(𝑥) =  
1
𝑇
 ∫ ( 𝜌 (
𝜕𝐻(𝑥, 𝑡)
𝜕𝑥
)
2
+ 𝐻(𝑥, 𝑡)
𝜕𝐵(𝑥, 𝑡)
𝜕𝑡
  ) 𝑑𝑡
𝑇
0
                        (4.7)
𝜔 
𝑃𝑗𝑜𝑢𝑙𝑒(𝑥) =  
1
𝑇
∫ 𝜌(
𝜕𝐻(𝑥, 𝑡)
𝜕𝑥
)
2
𝑑𝑡 
𝑇
0
                                      (4.8)
𝑃ℎ𝑦𝑠𝑡(𝑥) =  
1
𝑇
∫ 𝐻(𝑥, 𝑡)
𝜕𝐵(𝑥, 𝑡)
𝜕𝑡
𝑑𝑡 
𝑇
0
                                    (4.9)
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4.3 Calculation of the losses in the harmonic domain   
𝐻(𝑥, 𝑡) =  ?̅?(𝑥)𝑒𝑗𝜔𝑡                                                         (4.10)
𝐵(𝑥, 𝑡) =  µ̅(𝑥)?̅?(𝑥)𝑒𝑗𝜔𝑡                                                           (4.11) 
𝜌
𝜕2?̅?(𝑥)
𝜕𝑥2
= 𝑗𝑤µ̅(𝑥)?̅?(𝑥)                                                        (4.12)
𝑃(𝑥, 𝑡) =  
𝑑
𝑑𝑥
[𝑅𝑒(?̅?(𝑥)𝑒𝑗𝜔𝑡 )𝑅𝑒(?̅?(𝑥)𝑒𝑗𝜔𝑡 )]                                   (4.13)
?̅?(𝑥)  𝜌 𝑑?̅?(𝑥)/𝑑𝑥
𝑃(𝑥, 𝑡) =  
𝑑𝑦
𝑑𝑥
[𝑅𝑒 (
𝜌
2
𝑑?̅?(𝑥)
𝑑𝑥
 𝐻
∗
) + 𝑅𝑒 (
𝜌
2
𝑑?̅?(𝑥)
𝑑𝑥
 ?̅?(𝑥)𝑒2𝑗𝜔𝑡)]                (4.14)
𝑃(𝑥) =  
1
𝑇
∫ [𝑅𝑒 (
𝜌
2
𝑑?̅?(𝑥)
𝑑𝑥
 𝐻
∗
) + 𝑅𝑒 (
𝜌
2
𝑑?̅?(𝑥)
𝑑𝑥
 ?̅?(𝑥)𝑒2𝑗𝜔𝑡)] 𝑑𝑡
𝑇
0
        (4.15)
𝑃(𝑥) =
𝑑
𝑑𝑥
 [𝑅𝑒 (
𝜌
2
𝑑?̅?(𝑥)
𝑑𝑥
 𝐻
∗
)]                                                                    (4.16)
 
𝑃(𝑥) =
𝜌
2
|
𝑑?̅?(𝑥)
𝑑𝑥
|
2
+ 𝑅𝑒 (
−𝑗𝜔µ̅(𝑥)
2
?̅?(𝑥)𝐻
∗
(𝑥))                                   (4.17)
𝑃(𝑥) =
𝜌
2
|
𝑑?̅?(𝑥)
𝑑𝑥
|
2
−
𝜔
2
𝜇′′(𝑥)|?̅?(𝑥)|2                                                         (4.18)
𝑃𝑗𝑜𝑢𝑙𝑒(𝑥) =  
𝜌
2
|
𝑑?̅?(𝑥)
𝑑𝑥
|
2
                                                           (4.19)
𝑃ℎ𝑦𝑠𝑡(𝑥) =  −
𝜔
2
𝜇′′(𝑥)|?̅?(𝑥)|2                                              (4.20)
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µ̅(𝑥) 
4.4 Determination of the complex magnetic permeability 
𝜇′(𝑥) = 𝑅𝑒 (𝑗
𝜌
𝜔
1
?̅?(𝑥)
𝑑2?̅?(𝑥)
𝑑𝑥2
)                                           (4.21)
𝜇′′(𝑥) = 𝐼𝑚(𝑗
𝜌
𝜔
1
?̅?(𝑥)
𝑑2?̅?(𝑥)
𝑑𝑥2
)
 𝜇′ 𝜇′′ 𝑅𝑒 (?̅?) 𝐼𝑚 (?̅?). 
?̅?
𝑅𝑒(?̅?) = 𝐻 cos ø                                                             (4.22)
𝐼𝑚(?̅?) = 𝐻 𝑠𝑖𝑛 ø                                                                    
𝑃𝑗𝑜𝑢𝑙𝑒 = 
𝜌
2
[(
𝑑𝐻
𝑑𝑥
)
2
+ 𝐻2 (
𝑑ø
𝑑𝑥
)
2
]                                         (4.23)
𝑃ℎ𝑦𝑠𝑡 = −
𝜔
2
𝜇′′𝐻2                                                                  (4.24)
𝜇′ = 
𝜌
𝜔
[
2
𝐻
𝑑𝐻
𝑑𝑥
𝑑ø
𝑑𝑥
+
𝑑2ø
𝑑𝑥2
]                                               (4.25)
𝜇′′ =
𝜌
𝜔
[(
𝑑ø
𝑑𝑥
)
2
−
1
𝐻
𝑑2𝐻
𝑑𝑥2
]                                               (4.26)
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𝑃𝑡𝑜𝑡 = 
𝜌
2
[𝐻
𝑑2𝐻
𝑑𝑥2
+ (
𝑑𝐻
𝑑𝑥
)
2
]                                             (4.27)
𝜇′′
’
𝑑∅
𝑑𝑥
= −
1
𝐻
√
2
𝜌
 𝑃𝑗𝑜𝑢𝑙𝑒 − (
𝑑𝐻
𝑑𝑥
)
2
                                        (4.28)
𝑑2∅
𝑑𝑥2
=
∆
𝑑∅
𝑑𝑥
∆𝑥
                                                              (4.29)
?̅?(𝐻) = ?̅?(𝐻(𝑥)) = 𝜇′(𝐻(𝑥)) + 𝑗𝜇′′(𝐻(𝑥))                                 (4.30) 
50 
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Chapter 5 
Calibration Problem 
5.1 Characteristic problem in induction heating  
52 
 
®
{𝜌
𝜕2𝐻(𝑥, 𝑡)
𝜕𝑥2
+
𝜕𝐵(𝑥, 𝑡)
𝜕𝑡
= 0,           𝑥 ∈ ]0, 𝐿[  
𝐻(0, 𝑡) = 𝐻0 sin(𝜔𝑡) ;  𝐻(𝐿, 𝑡) = 0,    𝐿 ≫ 𝛿
                                        (5.1)
Parameter  Symbol  Expression Value Unit 
rho_steel 𝜌𝑠𝑡𝑒𝑒𝑙
 1/𝜎𝑠𝑡𝑒𝑒𝑙 25𝑒−8 [𝛺 ∗ 𝑚] 
Maximal 
magnetic 
permeability 
𝜇𝑟0
 600 
- 
frequency 𝑓 1000 
[𝐻𝑧] 
period Τ 1/𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 1𝑒
−3 [𝑠] 
Final time tmax  10 ∗ Τ 10𝑒
−3 [𝑠] 
Lenght L - 5𝑒−2 [𝑚] 
Penetration 
depth 
𝛿 √
2 𝜌𝑠𝑡𝑒𝑒𝑙
𝜔 𝜇0 𝜇𝑟0
 
3,2487𝑒−4 [𝑚] 
Amplitude H0 - 1𝑒5 [A/m] 
Figure 5.1
Table 5.1 ’  
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Figure 5.2  
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5.2 Equivalent BH curve 
Figure 5.3 
 
 
 
 55 
 
’
Figure 5.4
 
56 
 
5.3 Verification of the losses 
®
{𝜌
𝜕2?̅?(𝑥)
𝜕𝑥2
+ 𝑗𝜔?̅?(𝐻)?̅?(𝑥) = 0,           𝑥 ∈ ]0, 𝐿[  
𝐻(0) = 𝐻0;   𝐻(𝐿) = 0,                 𝐿 ≫ 𝛿
                                        (5.2)
𝑗𝜔
 57 
 
Figure 5.5
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Chapter 6 
Test Cases 
6.1 Test case 1: 1D geometries 
’
’
60 
 
d 
Figure 6.1  
Figure 6.2  
Reference losses  
Losses’s penetration depth 
 61 
 
Figure 6.3
 
62 
 
Figure 6.4
 
Figure 6.5
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6.2 Test case 2: 2D geometry 
“ ” 
’
Figure 6.6  
64 
 
Parameter  Symbol  Expression Value Unit 
rho_steel 𝜌𝑠𝑡𝑒𝑒𝑙
 1/𝜎𝑠𝑡𝑒𝑒𝑙 25𝑒−8 [𝛺 ∗ 𝑚] 
rho_air 𝜌𝑎𝑖𝑟
 1/𝜎𝑎𝑖𝑟 2𝑒−2 [𝛺 ∗ 𝑚] 
Maximal 
magnetic 
permeability 
𝜇𝑟0
 600 
- 
frequency 𝑓 1000 
[𝐻𝑧] 
period Τ 1/𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 1𝑒
−3 [𝑠] 
Final time tmax  10 ∗ Τ 10𝑒
−3 [𝑠] 
height h - 10𝑒
−3 [𝑚] 
width l - 10𝑒
−3 [𝑚] 
Lateral 
extrusion 
a - (1; 5; 9)𝑒
−3 [𝑚] 
Fillet radius Rfillet - 25𝑒−5 [𝑚] 
Air gap airgap - 50𝑒−3 [𝑚] 
Penetration 
depth 
𝛿 √
2 𝜌𝑠𝑡𝑒𝑒𝑙
𝜔 𝜇0 𝜇𝑟0
 
3,2487𝑒−4 [𝑚] 
Amplitude H0 - 1𝑒5 [A/m] 
Table 6.1 
 
Figure 6.7  
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Figure 6.8
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3 
2 
1 
2 
1 
3 
3 
2 
1 
a) b) c) 
Figure 6.9
 
Figure 6.10  
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Figure 6.11  
Figure 6.12  
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Figure 6.13 Figure 6.14
Figure 6.15 Figure 6.16
 69 
 
 
Figure 6.17 Figure 6.18
Figure 6.19 Figure 6.20
70 
 
Figure 6.21 Figure 6.22
Figure 6.23 Figure 6.24
 71 
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a) b) 
Figure 6.25
 a) b) 
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6.3 Test case 3: 2D axial-symmetric geometry 
Radius Value Unit 
Radius_1 1 [𝑚𝑚] 
Radius_2 3 [𝑚𝑚] 
Radius_3 5 [𝑚𝑚] 
Radius_4 7 [𝑚𝑚] 
Radius_5 9 [𝑚𝑚] 
Radius_6 15 [𝑚𝑚] 
Radius_7 25 [𝑚𝑚] 
Radius_8 40 [𝑚𝑚] 
Radius_9 50 [𝑚𝑚] 
Table 6.2 
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Figure 6.26
Figure 6.27
 75 
 
𝑒𝑎
𝜕2𝒖
𝜕𝑡2
+ 𝑑𝑎
𝜕𝒖
𝜕𝑡
+ ∇ ⋅ Γ = 𝑓
𝐮 = [Hr , Hz]
∇= [
∂
∂r
,
𝜕
𝜕𝑧
]
Γ = r ∗ [(0, Eφ); (−Eφ, 0)]
𝑓 =  
𝑟 ∗ −𝑗𝜔𝜇(𝑯)𝑯𝑟
𝑟 ∗ −𝑗𝜔𝜇(𝑯)𝑯𝒛
         [
𝑉
𝑚
]
𝑒𝑎 = 0;   𝑑𝑎 = 0
Eφ = 𝜌𝐽𝜑
𝐽𝜑 = (
𝜕𝐻𝑟
𝜕𝑧
−
𝜕𝐻𝑧
𝜕𝑟
)         [
𝐴
𝑚2
]
𝑯 = 𝑠𝑞𝑟𝑡(𝑟𝑒𝑎𝑙𝑑𝑜𝑡(𝐻𝑟, 𝐻𝑟) + 𝑟𝑒𝑎𝑙𝑑𝑜𝑡(𝐻𝑧, 𝐻𝑧))
Table 6.3 
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r = 9 mm 
r = 7 mm 
r = 5 mm 
r = 3 mm 
r =1 mm 
Figure 6.28
Figure 6.29
 77 
 
Figure 6.30
r = 9 mm 
r = 7 mm 
r = 5 mm 
r = 3 mm 
r =1 mm 
78 
 
Figure 6.31
Figure 6.32
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’
Figure 6.33 
Figure 6.34 
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𝒓𝒂𝒕𝒊𝒐 = 𝑎𝑣𝑒𝑟𝑎𝑔𝑒 (∑(
𝑎𝑏𝑠𝑜𝑙𝑢𝑡𝑒 𝑒𝑟𝑟𝑜𝑟(𝑥)
𝑙𝑜𝑠𝑠𝑒𝑠𝑡𝑖𝑚𝑒(𝑥)
)
𝐿
𝑥=0
)                                   (6.1)
Table 6.4 
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Figure 6.35 
Figure 6.36 
Figure 6.37 
’
82 
 
Figure 6.38 
Figure 5.4
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Chapter 7 
Simulation of  
Induction Heating Process 
7.1 Description of simulation model 
84 
 
Parameter  Symbol  Expression Value Unit 
rho_steel 𝜌𝑠𝑡𝑒𝑒𝑙
 1/𝜎𝑠𝑡𝑒𝑒𝑙  25𝑒
−8 [𝛺 ∗ 𝑚] 
rho_air 𝜌𝑎𝑖𝑟
 1/𝜎𝑎𝑖𝑟  2𝑒
−2 [𝛺 ∗ 𝑚] 
Maximal 
magnetic 
permeability 
𝜇𝑟0
 600 - 
frequency 𝑓 190𝑒−3 [𝐻𝑧] 
period 
Τ 1/𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 5.26315𝑒−6 [𝑠] 
Treatment time Ttotal - 0.1 [𝑠]
radius rdisc - 53.05𝑒−3 [𝑚] 
height h - 7𝑒−3 [𝑚] 
Driveshaft 
radius 
rdriveshaft - 6.75𝑒−3 [𝑚] 
External coil 
radius 
rext - 59.25𝑒−3 [𝑚] 
Internal coil 
radius 
rint 
- 57.75𝑒−3 [𝑚] 
Air gap airgap - 1.7𝑒−3 [𝑚] 
Penetration 
depth 
𝛿 √
2 𝜌𝑠𝑡𝑒𝑒𝑙
𝜔 𝜇0 𝜇𝑟0
 2.357𝑒−5 [𝑚] 
Current Icoil - 1250 [A] 
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Figure 7.13 PE model  
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